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Abstract
An effective string theory in physically relevant cosmological and black hole space times is re-
viewed. Explicit computations of the quantum string entropy, partition function and quantum
string emission by black holes (Schwarzschild, rotating, charged, asymptotically flat, de Sitter dS
and AdS space times) in the framework of effective string theory in curved backgrounds provide
an amount of new quantum gravity results as: (i) gravitational phase transitions appear with a
distinctive universal feature: a square root branch point singularity in any space time dimen-
sions. This is of the type of the de Vega - Sa´nchez transition for the thermal self-gravitating gas of
point particles. (ii) There are no phase transitions in AdS alone. (iii) For dS background, upper
bounds of the Hubble constant H are found, dictated by the quantum string phase transition.(iv)
The Hawking temperature and the Hagedorn temperature are the same concept but in different
(semiclassical and quantum) gravity regimes respectively. (v) The last stage of black hole evapo-
ration is a microscopic string state with a finite string critical temperature which decays as usual
quantum strings do in non-thermal pure quantum radiation (no information loss).(vi) New lower
string bounds are given for the Kerr-Newman black hole angular momentum and charge, which
are entirely different from the upper classical bounds. (vii) Semiclassical gravity states undergo
a phase transition into quantum string states of the same system, these states are duals of each
other in the precise sense of the usual classical-quantum (wave-particle) duality, which is universal
irrespective of any symmetry or isommetry of the space-time and of the number or the kind of
space-time dimensions.
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1. INTRODUCTION AND RESULTS
The study and solution of the dynamics of strings in curved backgrounds has allowed
further understanding of quantum gravity effects [1] - [10].
In this review paper, classical, semiclassical and quantum regimes are described for cos-
mological space times in a conjoint study. A clear picture for all these backgrounds will
emerge, going beyond the current picture, both for their semiclassical and quantum regimes.
The analysis of the semiclassical and quantum regimes of gravity in the contexts of
Quantum Field Theory (QFT) and String Theory (ST) respectively is particularly important
for several reasons, and it has been the object of recent intensive study, in both regimes, with
relevant physical and cosmological examples : Schwarzschild (BH) [11], Kerr rotating black
holes (KBH) [12], Reissner - Nordstro¨m charged black holes [12], Kerr-Newman rotating
charged black holes (KNBH) [12], de Sitter (dS) [13]- [14] and anti de Sitter (AdS) space
times [15]; Schwarzschild - de Sitter (bhdS) [14] and Schwarzschild - Anti de Sitter (bhAdS)
backgrounds as well [15].
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The physical significance of these space times is well know. The black hole evaporation
process has been a challenging problem, related to the so called loss of information [16] [17]
and to the issue of the need of a quantum gravity description for its last stages.
The understanding of semiclassical and quantum gravity dS regimes is particularly im-
portant for several reasons. The flow of consistent cosmological data (cosmic microwave
background, large scale structure, and supernovae observations) has placed dS, and quasi-
dS, regimes as a real part of the standard (concordance) cosmological model [18]-[24], for
the description of inflation at an early stage of the Universe (semiclassical or QFT regime)
and acceleration at the present time (classical regime).
Furthermore, dS or quasi dS quantum regimes, besides their conceptual interest, should
be relevant in the stage preceeding semiclassical inflation, their asymptotic behaviour should
provide consistent initial states for semiclassical inflation, and clarify, for instance, the issue
of the dependence of the observable primordial cosmic microwave fluctuations on the initial
states of inflation.
The lack till now of a full conformal invariant description of dS background in string the-
ory [1] should not be considered as an handicap for dS space-time, but as a motivation for
going beyond the current scarce physical understanding of string theory. Moreover, solving
the classical and quantum string dynamics in conformal and non conformal invariant string
backgrounds, have shown that the physics is the same in the two class of backgrounds: con-
formal and non conformal. The mathematics is simpler in conformal invariant backgrounds,
but the main physics, in particular the string mass spectrum, remains the same, [1]-[4],[7].
Although there is no relevant cosmological motivation to consider AdS background, the
understanding of semiclassical and quantum AdS regimes is relevant as well for several
reasons. AdS regimes are illustrative examples to compare and contrast with dS regimes,
and they allow to see the effects of a negative cosmological constant. On the other hand, AdS
space time provides asymptotic boundary conditions to Black Hole evaporation, and gives
a natural infrared cuttoff to the euclidean path integral formulation for quantum gravity,
AdS space time acting as a large space box [25]-[27]. Also the mathematics is simpler in
conformal invariant AdS backgrounds (WZWN models) as compared to the non conformal
ones, but the main physics (e.g. the string mass spectrum) continues to be the same [1],
[3], [5]- [7].
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For strings in flat space-time, weak string coupling does not describe any of these back-
grounds, but for strings, in any of the full curved backgrounds considered here, these space
times are non-perturbative from the beginning. We start with the full non perturbative
background, so strong coupling effects are present even if no explicit string self interaction
is added. Of course, more interactions can be included and explored, but strings in curved
backgrounds provide an effective framework to deal with strong gravity regimes. In the lack
of any tractable framework for String Field Theory, (even in the simplest flat space situ-
ations), the effective string analogue model or thermodynamical approach implemented in
curved backgrounds, provides a suitable framework for this purpose. This approach allows
to combine both quantum field theory (QFT) and string theory in curved backgrounds and
to go further in the understanding of quantum gravity effects.
In this effective framework, strings are considered as a collection of quantum fields Φn
coupled to the curved background, and whose masses mn are given by the degenerate string
mass spectrum in the curved space considered. Each field Φn appears as many times the
string degeneracy of the mass level ρs(m). Although the fields Φn do not interact among
themselves, they do with the background. The mass formula, m(n), and the mass density
of states, ρs(m), are obtained by solving the quantum string (non linear) dynamics in the
curved background considered.
In this framework, the semiclassical (Q.F.T) and the Quantum (string) regimes turn
out gravity duals of each other, but in the precise sense of the usual classical - quantum
(or wave-particle) duality. This classical - quantum duality does not require the existence
of any isometry, in any of the curved backgrounds considered, and neither needs a priori
any symmetry nor compactified dimensions [11]-[15], [28]-[29]. For instance, the SL(2, R)
WZWN string model is a clear and explicit realization of the dual behavior of the quantum
string and the semiclassical (Q.F.T) regimes. In this string model, which describes bosonic
string theory in a AdS space time in 3 dimensions, the dual behaviors (semiclassical and
quantum string behaviors) are built explicitely in [30].
A central object in string theory is the microscopic string density of states of mass m
in a given background, ρs(m); in particular, its high mass behavior that depends on the
different curved space-times in which strings propagate (this is the Hagedorn behavior in
flat space time [31]). For a given space-time, this mass behavior grows exponentially; aspects
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as the number of space-time dimensions, critical dimensions, type of strings, and type of
string theory only appear in the two dimensionless numerical coefficients of the exponential
growth and its amplitude [32]. This is precisely the importance of the density of string
states, from which the string intrinsic temperature and entropy emerge, and from which the
basic important results of string thermodynamics are derived.
The string density of mass levels, ρs(m), is derived from the string density of level n, d(n),
and from the string mass spectrum, m(n), in a given background. The string density of levels
d(n) is the same in flat and in curved space-time. However, the mass relation between m
and n, m(n), and thus the mass density of levels, ρs(m), depend on the curvature of the
background geometry considered, and they are, in general, different from the flat space-time
string mass spectrum and the flat space mass level density. The mass formula, m(n), is
obtained by solving the quantum string dynamics in each space time, for example: m(n)
and ρs(m) in dS are different from the respective flat space time string mass spectrum
and mass level density [1], [5]-[7]. In general, the formulae m(n) and ρs(m) depend on the
characteristic lengths in the problem: a classical length Lcℓ and a fundamental string length
ℓs =
√
h¯α′/c, or equivalently on their respective mass scales: Mcℓ = c2Lcℓ/G (D=4) and
ms = ℓs/α
′. Relevant combinations of them emerge in the mass formula m(n) as the dS,
and AdS, string mass Ms = Lcℓ/α
′ and string length Ls = h¯/cMs.
From the string density of states, ρs(m), the string entropy Ss(m) is obtained for the
different space times. An important issue is that phase transitions are found: these can be
of the Hagedorn-Carlitz [31], [33] type but with a string critical temperature modified whith
respect the flat space Hagedorn temperature, and other hand, other phase transitions are
found which are of the type of gravitational phase transitions [14]. The latter string transi-
tions show a logarithmic square root branch point type of singularity for the entropy (and a
pole singularity for the specific heat); this behavior is similar to the one found for a thermal
self-gravitating gas of non relativistic particles (de Vega - Sa´nchez transition) [34], [35], [36],
[65]. This string behavior is universal [29], [66]i.e. it holds in any number of dimensions,
and its origin is gravitational interaction in the presence of temperature (as Jean’s instability
at finite temperature but with a more complex structure).
As a consequence of string phase transitions, string bounds emerge on the relevant semi-
classical observables such as the Hawking - Gibbons (semiclassical) temperature [37], [38]
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and the Hubble constant (Sections 3 and 4).
A string temperature Ts appears in dS and AdS backgrounds, that can be higher than
the flat space (Hagedorn) string temperature ts. This happens when, for high masses, the
string temperature in a given background is Ts, instead of ts. Ts turns out to be a critical
temperature for dS, but not for AdS ( [11] - [15], [28] -[29]); Ts is the precise quantum dual of
the semiclassical (QFT) temperature scale Tsem = h¯c/(2πkBLcℓ) [38]. The two temperatures
satisfy: Ts = t
2
s T
−1
sem.
In section 2, semiclassical (Gibbons - Hawking) temperature and semiclassical (Bekenstein
- Hawking, zeroth order) entropy are introduced, in a systematic way, for BH , KBH ,
KNBH , dS, AdS, bhdS and bhAdS space times.
In Section 3, the microscopic string density of mass levels ρs(m) and the full quantum
string entropy are given for the different backgrounds. An upper mass bound Ms for strings
in dS space time appears, but not for AdS. The effect of the cosmological constant Λ is to
reduce the string entropy for a dS background (Λ > 0) as compared with the one in flat
space time; on the contrary, the entropy for string states in an AdS space time (Λ < 0)
will be larger than the string entropy in flat space. The string mode angular momentum
j is considered for the string mass density of states ρs(m, j) and the string entropy Ss(j)
in a Kerr background. A maximal value appears for j equals to m2α′c. The effect of the
spin mode j will be to reduce the string entropy as compared when no spin mode has been
been taken into account. Similar behavior will have the charge mode q when strings are
considered in a Reissner - Nordstro¨m background.
As a consequence of string entropy singularities that indicate the appearance of string
phase transitions, gravitational like phase transitions are analyzed, in particular, in Section
4. For string states in which j reaches its maximal value, i.e. extremal string states, a
phase transition takes place at T →
√
(j/h¯) ts that we call extremal transition. A smaller
”effective string constant” appears α
′
j ≡
√
h¯/j α
′
(and thus a higher tension). In dS
space time, the transition occurs at the temperature Ts higher than the flat space string
temperature ts, i.e. the Hubble constant H ”pushes” the string temperature beyond the flat
space time (Hagedorn) value ts. H induces a higher ”effective string tension” as well. No
gravitational string phase transition appears in AdS space time.
Phase transitions show up as well in the thermodynamical behavior of the string partition
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functions and in the quantum black hole string emissions for different backgrounds.
In Section 5, a general study for the string partition functions in the different backgrounds
is shown. The partition function, lnZ, of a string gas in a curved background with critical
temperature shows a singularity at Tsem → ts or Ts, for any dimension D. Namely, lnZ , for
excited and highly excited string gas, shows a single pole temperature singularity (Hagedorn
-Carlitz transition) at ts for (asymptotically flat) Schwarzschild black hole (BH), Kerr black
hole (KBH) and Kerr Newman (KNBH) backgrounds. But, for dS and bhdS space times,
lnZ shows a square root branch point singularity at Ts .
In the string phase transition, Tsem → Ts, that takes place for strings in dS background,
H reaches a maximum value, Hs, sustained by the string tension α
′−1 (and the fundamental
constants h¯, c). The partition function has no singular behavior at Ts for massive and highly
massive strings in AdS and bhAdS space times, and again no phase transition appears.
For black holes with asymptotically flat background, the phase transition occurs at a
temperature equals to ts. For a black hole with an asymptotically dS background (bhdS)
phase transition takes place at the temperature Ts. These phase transitions imply, for black
hole evaporation process, an upper string bound for the Hawking temperature and lower
string bounds for the mass and the horizon radius. Furthermore, for the bhdS case, a
relation appears between the horizon radius and the cosmological constant.
For bhAdS, lnZ is mathematically well defined for all temperature. However, we are
in the string regime when the semiclassical temperature reaches the string temperature Ts.
Consequences are the existence of a minimal AdS classical length or a maximal AdS string
length. A relation between the horizon radius and the cosmological constant appears as
well.
Furthermore, for a KNBH , lower string bounds for the black hole angular momentum
J and charge Q are found, different from the upper semiclassical bounds.
In section 6, the quantum string emission cross section by a black hole is studied. The
black hole emission is measured by an observer which is at the asymptotic region, i.e. flat,
dS or AdS background. We also consider the quantum (string) black hole decay and the
last stage of the black hole evaporation.
The quantum string emission cross sections show first the Hawking thermal emission at
the semiclassical temperature (semiclassical regime). As evaporation proceeds, the black hole
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temperature increases and highly massive string states dominate the emission. The already
known phase transitions appear again. For a semiclassical (Hawking - Gibbons) temperature
reaching the string temperature (ts or Ts), the black hole undergoes a string phase transition
to a microscopic stringblack hole state, which is a condensed finite energy string state with
finite string temperature ts (asymptotically flat) or Ts (asymptotically dS), and a size and
mass both given in terms of the characteristic string lengths ℓs or Ls (Section 5). This phase
transition, undergone by the emitted strings, represents the non perturbative back reaction
effect of the string emission on the black hole. We see that the temperature does not become
infinite but remains bounded by the string temperature in the asymptotically space time
considered. Then, there is not a thermodynamical catastrophe in the last stage of black hole
emission as it is the case in the semiclassical black hole approximation (when extrapolated
to the last stage).
For a black hole in an asymptotically AdS background, there is no phase transition at
Tsem bhAdS = Ts, but we are analogously in the string regime.
Through evaporation and decay, KNBH will loose charge and angular momentum (super
radiance like processes) at a higher rate than the loss of mass through thermal radiation. In
general, the last stage of evaporation of a semiclassical KNBH will be a stringy state with
(intrinsic) string temperature with zero charge and angular momentum.
At the late stage of black hole evaporation, the black hole decays with a string width
Γs ∼ α′ts or Γs ∼ α′Ts , into all kind of particles with pure (non mixed) quantum radiation
as usual quantum strings do.
The quantum string black hole state will have a life time τ = (Γs)
−1. In the effective
string framework considered here, there is no loss of information (i.e no paradox at all).
In Section 7, by precisely identifying the semiclassical and quantum string mutual dual
regimes, new formulae are found for the full semiclassical entropies Ssem for BH , KBH , dS
and AdS backgrounds , as functions of the Bekenstein-Hawking entropy S(0)sem.
For a low Hubble constant, dS (and AdS) regime is alike to the classical Schwarschild
black hole regime , i.e. in this regime the leading term to the entropy is the Bekenstein-
Hawking (zeroth order) entropy S(0)sem(H).
But for a large Hubble constant, or high curvature dS regime, S(0)sem(H) is subdominant,
and the full entropy Ssem(H) is different from the Bekenstein-Hawking entropy . Further-
more, for H → c/ℓP l (being c/ℓP l the Planck length), a phase transition takes place at
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T → TP l ( TP l, Planck temperature). This is again a gravitational like transition, i.e a
square root branch point singularity at the critical temperature, analogous to the the string
gas in dS space time.
For AdS, contrary to dS, no phase transition occurs at T → tP lack ( high curvature,
|Λ|1/2 → c/ℓP l, AdS regime).
The semiclassical entropy of a Schwarzschild black hole (J = 0) is maximal as compared
with the semiclassical entropy for a Kerr black hole (J 6= 0). The effect of the angular
momentum is to reduce the entropy.
The special case of extremal black holes is clarified. The semiclassical extremal KNBH
does not evaporate through Hawking radiation, as the Hawking temperature is zero. Also,
the string temperature cannot be reached, unless the extremal configuration would be al-
ready a stringy state. The extremal black hole is, among the black holes states, the most
stable configuration, in other words the most classical, or semiclassical, one. Thus if a black
hole was not extremal at its origin, it will not be extremal at its end. In other words, a
KNBH cannot become through quantum decay an extremal black hole, and the extremal
black hole cannot be the late state of black hole evaporation. In particular, for an extremal
KBH (J = GM2/c), an extremal phase transition occurs at T →
√
(J/h¯) TP l. This
entropy singularity is a brach point one, similar to the extremal string transition that was
analysed for the extremal string states in Section 4.
Section 8 presents the Conclusions.
2. SEMICLASSICAL BACKGROUNDS
2.1. Schwarzschild black hole, de Sitter, Anti de Sitter, black hole de Sitter
and black hole Anti de Sitter space times
The D-dimensional space times, for BH , dS, AdS, bhdS, and bhAdS, are described by
the metric (static coordinates)
ds2 = −a(r) c2 dt2 + a−1(r) dr2 + r2 dΩ2D−2 (1)
where:
aBH(r) = 1− rg
r
, adS(r) = 1−
(
r
Lcℓ
)2
, aAdS(r) = 1 +
(
r
Lcℓ
)2
(2)
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abhdS(r) = 1− rg
r
−
(
r
Lcℓ
)2
, abhAdS(r) = 1− rg
r
+
(
r
Lcℓ
)2
(3)
and
rg =
(
16π G M
c2(D − 2) AD−2
) 1
D−3
, AD−2 =
2π
(D−1)
2
Γ
(
(D−1)
2
) (4)
rg is the Schwarzschild gravitational radius, and Lcℓ is given by
Lcℓ =
√√√√(D − 2)(D − 1)
2 |Λ| =
c
|H| (5)
being H the Hubble constant and Λ the cosmological constant (Λ > 0 for dS; Λ < 0 for
AdS)
|Λ| = (D − 2)(D − 1)
2
H2
c2
(6)
(H2 > 0). The horizons for BH and dS are located at rg and Lcℓ respectively. It is clear
that there is no event horizon in AdS. Horizons for bhdS and bhAdS will be considered
later on.
2.2. Kerr Newman (rotating charged) black hole space time
A charged rotating black hole of massM , charge Q and angular momentum J is described
by the Kerr-Newman geometry ( Boyer-Lindquist coordinates xµ = (t, r, θ, ϕ), D = 4)
ds2 = −c2 (1− Π
Σ
) dt2 − 2 c Π LJ sin2 θ dt dϕ+ Σ
Λ
dr2 + Σ dθ2 +B
sin2 θ
Σ
dϕ2 (7)
where
Π = rg r−L2Q, Σ = r2+L2J cos2 θ, Λ = r2−Π+L2J , B = (r2+L2J)2−ΛL2J sin2 θ (8)
rg =
2GM
c2
, LJ =
J
Mc
, LQ =
√
GQ
c2
(9)
(G is the gravitational Newton constant), and rg, LJ , LQ satisfy at the classical level, the
inequality :
(
rg
2
)2 ≥ L2Q + L2J (10)
This equality holds for the extremal black hole, and Eq. (10) shows the classical upper
bounds for J and Q. The two horizons are located at r+ and r− :
r± =
rg
2
±
(
(
rg
2
)2 − L2Q − L2J
)1/2
(11)
12
2.3. Semiclassical (Q.F.T. Hawking) temperature
In the context of Quantum Field Theory (Q.F.T) in curved space time, the semiclassical
Gibbons - Hawking temperature ( [37]- [38]) is given by
Tsem =
h¯c
2πkB
1
L (12)
where L is the length that measures the quantum size in the semiclassical - QFT regime of
the studied backgrounds [11] -[15].
2.3.1. Schwarzschild black hole, de Sitter, Anti de Sitter, black hole de Sitter and black
hole Anti de Sitter semiclassical temperatures
For these backgrounds, the different L′s are given by
LBH = 2rg , LdS = Lcℓ(H) = Lcℓ(|Λ|) = LAdS (13)
LbhdS = 2 rg
(
1− 2
( rg
Lcℓ
)2 )−1
, LbhAdS = 2 rg
(
1 + 2
( rg
Lcℓ
)2 )−1
(14)
Eq. (13) defines the semiclassical AdS temperature Tsem Ads, which is for AdS the analogous
of the Hawking temperature for backgrounds with a horizon.
The black hole surface gravity K is defined by
Tsem =
h¯
2 π kB c
K (15)
and it can be read from Eqs. (13) and (14) for asymptotically flat, dS and AdS space times.
2.3.2. Kerr (rotating) black hole and Reissner-Nordstro¨m (charged) black hole semiclas-
sical temperatures
According to Eq. (12) we have
LKBH = rg∆−1(1 + ∆) , LRNBH = rg
2
∆̂−1 (1 + ∆̂)2 (16)
where
∆ =
√√√√1− (2 LJ
rg
)2
, ∆̂ =
√
1−
(2 LQ
rg
)2
(17)
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(∆ = 1 = ∆̂ for the Schwarzschild case).
2.3.3. Kerr Newman black hole semiclassical temperature
The semiclassical or QFT black hole temperature (Hawking temperature) is
Tsem(J,Q) =
h¯c
4πkB
r+ − r−
r2+ + L
2
J
(18)
which can be rewritten in the general form of Eq. (12), with the length L now given by
LKNBH ≡ Lcℓ(J,Q) = 2 Lcℓ
δ
(
1 + δ − ν
2
2
)
(19)
where
ν ≡ 2LQ
rg
, µ ≡ 2LJ
rg
, δ ≡
√
1 − ν2 − µ2 (20)
with rg, LJ and LQ given by Eq. (9). From Eq. (10), we have
ν2 + µ2 ≤ 1 (21)
and furthermore
µ2 ≤ 1 and ν2 ≤ 1 (22)
That is, in the semiclassical (Q.F.T) regime, one always has
Tsem(J,Q) ≤ Tsem(J = 0 = Q) (23)
which implies
Lcℓ(J,Q) ≥ 2 rg (24)
The equality
ν2 + µ2 = 1 (25)
corresponds to the extremal Kerr Newman black hole, Tsem(J,Q)extremal = 0.
2.4. Semiclassical Entropy
The Bekenstein-Hawking (zeroth order) entropy ([39] -[40]) is given by the general ex-
pression [29]
S(0)sem =
1
2
M c2
Tsem
(26)
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whereM and Tsem depend on the background.
For BH , dS, AdS, KBH and RNBH backgrounds, M is respectively ([12], [14], [15]).
MBH = M , MdS =Mcl(H) = Mcl(|Λ|) =MAdS (27)
MKBH ≡M(J) =M∆ , MRNBH =M∆̂ (28)
where M , J and Q are the mass, angular momentum, and charge of the black hole; ∆ and
∆̂ are given by Eq. (17). Mcl is the (classical) mass scale of dS and AdS space times
Mcl =
c2
G
Lcℓ (D = 4) (29)
being G the Newton gravitational constant and Lcℓ given by Eq. (5).
3. QUANTUM STRING ENTROPY
In a given background, the full entropy of quantum strings Ss is related to the microscopic
string density ρs(m), and it is defined by
ρs(m) = e
Ss(m)
kB (30)
3.1. Entropy for quantum strings in asymptotically flat space times, de Sitter
and Anti de Sitter backgrounds
In order to derive ρs(m), we notice that the degeneracy dn(n) of level n (counting of
oscillator states and no spins considered here) is the same in flat and in curved space time.
The differences, due to the space-time curvature, will enter through the relation m = m(n)
of the mass spectrum. Asymptotically, for high n, the degeneracy dn(n) behaves universally
as
dn(n) = n
−a′ eb
√
n (31)
where the constants a′ and b depend on the space time dimensions and on the type of the
strings. For example, for closed bosonic strings (non compact dimensions)
b = 2π
√
D − 2
6
, a′ =
D + 1
2
(32)
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The density ρs(m) of mass levels and the level degeneracy dn(n) satisfy
ρs(m) d
(
m
ms
)
= dn(n) dn (33)
where ms is the fundamental string mass
ms =
√
h¯
α′c
≡ ℓs
α′
(34)
being α′ the fundamental string constant (α′−1 is a mass linear density) and ℓs the funda-
mental string length.
The mass formula m(n) and the mass density of levels ρs(m) are obtained by solving
the quantum string dynamics in the curved background considered. In general, these mass
formulae for quantum strings, in any background, can be written as
(
m
ms
)2 ≃ g(n) (35)
and
ρs(m) ≃ m
ms
[
dn(n)
g′(n)
]
n=n(m)
(36)
For flat, dS and AdS backgrounds, g(n) can be read from the r.h.s of the following equations
(closed bosonic strings) [1] - [7]
g(n)flat =
(
m
ms
)2
≃ 4 n (37)
g(n)dS =
(
m
ms
)2
≃ 4 n
[
1− n
(
ms
Ms
)2]
(38)
g(n)AdS =
(
m
ms
)2
≃ 4 n
[
1 + n
(
ms
Ms
)2]
(39)
where Ms is the characteristic string mass in dS (Λ > 0) and AdS (Λ < 0) space times
Ms =
Lcℓ
α′
=
c
|H| α′ (40)
Furthermore, Ms defines the quantum string dS (AdS) length Ls:
Ls =
h¯
Ms c
(41)
and the string dS (AdS) temperature Ts:
Ts =
1
2πkB
Ms c
2 =
h¯c
2πkB
1
Ls
=
1
2πkB
c3
|H|α′ (42)
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Ts is the critical string temperature only in dS space time, as it is shown in Sec.4, Sec.5 and
Sec.6 below.
From Eqs.(36) and (37)-(39), we derive the string mass density of levels in flat, dS and
AdS space times [13] - [15]
ρ(m)s,flat ≡ ρs
( m
ms
)
≃
( m
ms
)−a
e
b
2
( m
ms
) (43)
ρ(m,H)s,dS ≡ ρs(m,H) ≃
(
m
∆sMs
√
2
1−∆s
) (
Ms
ms
√
1−∆s
2
)−a
e
(
bMs
ms
√
1−∆s
2
)
(44)
ρ(m, |Λ|)s,AdS ≡ ρs(m, |Λ|) ≃
(
m
∆sMs
√
2
∆s − 1
) (
Ms
ms
√
∆s − 1
2
)−a
e
(
bMs
ms
√
∆s−1
2
)
(45)
where a ≡ 2a′ − 1, and
∆s ≡
√
1∓
( m
Ms
)2
(46)
(∓ for dS and AdS respectively). We see that Ms is an upper mass bound for the strings in
dS background. For strings in flat and AdS space times there is not a mass bound. As the
Schwarzschild black space time is asymptotically flat, the asymptotic string mass density of
levels will coincide with the one in Minkowski space time [8], [9].
Let us introduce the (zeroth order) string entropy S(0)s in flat space time :
S(0)s =
1
2
b kB
( m
ms
)
=
1
2
m c2
ts
(47)
where
ts =
1
b kB
ms c
2 ≡ h¯ c
2π kB
1
lˆs
(48)
(lˆs = (b/2π) ls) being ts the flat space string temperature. For flat and (asymptotically flat)
BH , dS and AdS backgrounds, the density of mass levels can be written in terms of S(0)s as
ρs(m) ≃
(S(0)s
kB
)−a
e
(S
(0)
s
kB
)
(49)
ρs(m,H) ≃ 1
∆s
√
1 + ∆s
2
(
S(0)s
kB
√
2
1 + ∆s
)−a
e
(
S
(0)
s
kB
√
2
1+∆s
)
(50)
ρs(m, |Λ|) ≃
(
m
∆sMs
√
2
∆s − 1
) (
Ms
ms
√
∆s − 1
2
)−a
e
(
bMs
ms
√
∆s−1
2
)
(51)
From Eqs. (30) and (49) - (51), we can read the full string entropy Ss in flat and (asymp-
totically flat) BH , dS and AdS backgrounds respectively in terms of S(0)s
Ss,flat(m) ≡ Ss(m) = S(0)s (m)− a kB ln (
S(0)s (m)
kB
) (52)
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Ss,dS(m,H) = Sˆs
(0)
(m,H)− a kB ln ( Sˆs
(0)
(m,H)
kB
)− kB lnF (m,H) (53)
Ss,AdS(m, |Λ|) = Sˆs(0)(m, |Λ|)− a kB ln ( Sˆs
(0)
(m, |Λ|)
kB
)− kB lnF (m, |Λ|) (54)
where for Eqs. (53) and (54)
Sˆs
(0)
(m) ≡ S(0)s
√
f(x) , F (m) ≡
√
(1∓ 4x2)f(x) (55)
(∓ for dS and AdS respectively) being x the dimensionless variable
x(m, |H|) ≡ 1
2
( m
Ms
)
=
ms
bMs
S(0)s
kB
(56)
and
f(x) ≡ 2
1 + ∆s
(57)
where ∆s is given by Eq. (46) (see Eq. (56)).
The entropy Ss,dS(m,H) of string states in dS space time is smaller than the string
entropy for H = 0. The effect of the Hubble constant is to reduce the entropy. On the
contrary, the entropy Ss,AdS(m, |Λ|) of string states in AdS background is larger than the
string entropy in flat space. The effect of a negative cosmological constant is to increase the
entropy.
3.2. Entropy for quantum strings in Kerr and Reissner - Nordstro¨m black
holes space times
The string entropy Ss(j) in a Kerr background is given, in terms of the string mass density
of states ρs(m, j), by
ρs(m, j) = e
Ss(m,j)
kB (58)
where the string mode angular momentum j is considered. This is a generalization of Eq. (30)
where no spin was considered. The density of levels d(n, j) of level n and mode j is the same
in flat and in curved space-time, and, for large n, it is given by [42], [43]
d(n, j) ∼ n−a′∆−2a′s eb
√
n
1+∆2s
2∆s
1
cosh2
(
b
4
√
n (1−∆
2
s)
∆s
) (59)
where
∆s(n, j) =
√
1− j
h¯n
, j ≤ h¯n (60)
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The string mass density of states ρs(m, j) and the density of levels d(n, j) are as usual
related by
ρs(m¯, j/h¯) d(m¯) = d(n, j)dn (61)
The mass spectrum of strings in asymptotically flat spacetimes, as the black hole background,
is the same as the flat spacetime string spectrum (Eq. (37)) [11]. From Eqs. (59) and (61)
we have for closed strings
ρs(m¯, j/h¯) ∼ m¯−a∆−a−1sj e
b
2
m¯
(
1+∆2
sj
2∆sj
)
1
cosh2
(
b
8
m¯
(1−∆2sj)
∆sj
) (62)
where
∆s(m, j) ≡ ∆sj =
√
1− 4j
m2α′c
, 4j ≤ m2α′c (63)
From Eq. (62), the asymptotic mass density of states can be written as
ρs(m¯, j/h¯) ∼ ρs(m¯)F¯ (m¯, j/h¯) (64)
where ρs(m¯) is the spinless flat mass density of states (Eq. (43)) and
F¯ (m¯, j/h¯) = ∆−a−1sj e
b
4
m¯
1+∆2
sj
∆sj
1
cosh2
(
b
8
m¯
(1−∆2sj)
∆sj
) (65)
F¯ (m¯, j/h¯) takes into account the effect of the angular modes j, being F¯ (m¯, j = 0) = 1.
With the help of the zeroth order string entropy S(0)s (Eq. (47) for j = 0), Eq. (62) can
be expressed as
ρs(m, j) ∼
(S(0)s
kB
)−a
e
(
S
(0)
s
kB
)
F¯ (S(0)s , j) (66)
with
F¯ (S(0)s , j) = ∆
−a−1
sj e
S
(0)
s
kB
(1−∆sj )
2
2∆sj
1
cosh2
(
S
(0)
s
4kB
(1−∆2sj)
∆sj
) (67)
∆sj now reads
∆sj =
√
1− j
h¯
(kB b
S
(0)
s
)2
(68)
Therefore, from Eq. (58), the string entropy Ss(m, j) in the Kerr background is given by
Ss(m, j) = S
(0)
s − a kB ln
( S(0)s
kB
)
+ kB ln F¯ (S
(0)
s , j) (69)
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That is,
Ss(m, j) =
(1 + ∆2sj
2∆sj
)
S(0)s −a kB ln
( S(0)s
kB
)
−(a+1) kB ln∆sj−2 kB ln cosh
[ S(0)s
4kB
(1−∆2sj)
∆sj
]
(70)
Notice that the last term kB ln F¯ (S
(0)
s , j) in Eq. (69) is enterely due to the angular momentum
j 6= 0. The logarithmic terms have a negative sign. For j = 0, we recover the flat full entropy
expression. For ∆sj 6= 0, the entropy Ss(m, j) of string states of massm and mode j is smaller
than the string entropy for j = 0. The effect of the spin is to reduce the entropy. Ss(m, j)
is maximal for j = 0 (ie, for ∆sj = 1).
It is instructive to express Ss(m, j) in terms of the quantity S
(0)
s (m, j) for j 6= 0 :
S(0)s (m, j) =
1
2
(1 + ∆sj)S
(0)
s (71)
Then, Ss(m, j) expresses as
Ss(m, j) = S
(0)
s (m, j)− a kB ln
( S(0)s (m, j)
kB
)
+ kB lnF (S
(0)
s , j) (72)
with
F (S(0)s , j) =
(1 + ∆sj
2
)a
e
(
1−∆sj
2
)
S
(0)
s
kB F¯ (S(0)s , j) (73)
(For j = 0: F = F¯ = 1 and S(0)s (m, j = 0) = S
(0)
s ).
Explicitely, in terms of the zero order entropy for j 6= 0, S(0)s (m, j):
F = ∆−1sj
(1 + ∆sj
2∆sj
)a
e
(
1−∆sj
1+∆sj
)
S
(0)
s (m,j)
kB∆sj
1
cosh2
(
S
(0)
s (m,j)
2kB
(1−∆sj)
∆sj
) (74)
The argument of the last (ln cosh) term in Eq. (70) is
xj ≡ S
(0)
s
4kB
(1−∆2sj)
∆sj
=
b2
4∆sj
j
h¯
kB
S
(0)
s
=
b
4∆sj
j
h¯
ms
m
(75)
For j/h¯ < (m/ms)
2, and m ≫ ms, that is for low j and very excited string states,
S(0)s (m, j) is the leading term, but for high j, that is j → m2α′c, ie ∆sj → 0, the situation
is very different as we will see.
Moreover, Eq. (72) for Ss(m, j) allow us to write in Sec. 7 the whole expression for the
semiclassical Kerr black hole entropy Ssem, as a function of the Bekenstein-Hawking entropy
S(0)sem.
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Similarly, the entropy of strings in a Reissner-Nordstro¨m background is given by
ρs(m, q) = e
Ss(m,q)
kB (76)
where ρs(m, q) is the string density of states of mass m and charge mode q.
For large m, ρs(m, q) [44] (D = 4) is given by
ρs(m, q) ∼ ρs(m) exp
{ −q2
h¯c(m/ms)
}
(77)
Eqs. (76) - (77) yield:
Ss(m, q) = Ss(m)− kB
h¯c
b q2
S
(0)
s
= S(0)s − a kB lnS(0)s −
kB
h¯c
b q2
S
(0)
s
(78)
where Ss(m) is the entropy for q = 0 Eq. (52), and S
(0)
s its leading term (Eq. (47)).
The string entropy Ss(m, q) of mass m and mode charge q is smaller than the entropy for
q = 0. As the effect of the spin mode j, the effect of the charge q is to reduce the entropy;
the q-reduction is proportional to q2, while the j-reduction to the entropy is linear in j plus
logarithmic corrections.
4. GRAVITATIONAL STRING PHASE TRANSITIONS
String phase transitions for black holes and dS space times will be dealt at length in Secs.
5 and 6. But, in this section, we want to stress the appearance of gravitational like phase
transitions, similar to the one found for a thermal self-gravitating gas of (non relativistic)
particles (de Vega - Sa´nchez phase transition)[34]-[36].
4.1. Extremal string states and phase transition
If we consider string mode angular momentum j for the asymptotic string mass density
of states in flat space time and in a Kerr background as well, we define ”extremal string
states” the states in which j reaches its maximal value, that is j = m2α
′
c. Then the term
S(0)s (m, j) is minimal:
S(0)s (m, j)extremal =
1
2
S(0)s (79)
and Ss(m, j)extremal ((j/h¯)→ (m/ms)2) is dominated by
Ss(m, j)extremal = −(a + 1) kB ln (
√
2
T
√
T −
( j
h¯
)1/2
ts ) + O(1) (80)
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(T = mc2 / kBb). This shows that a phase transition takes place at T →
√
(j/h¯) ts, and
we call it extremal transition. Notice that this is not the usual (Hagedorn/Carlitz) string
phase transition occuring for m→∞, T → ts; although, such transition is also present for
j 6= 0 since ρs(m, j) has the same m→∞ behavior as ρs(m).
The extremal transition we find here is a gravitational like phase transition: the square
root branch point behavior near the transition is analogous to that found in the thermal
self-gravitating gas of (non-relativistic) particles (by mean field and Monte Carlo methods).
This is also the same behavior found for the microscopic density of states and entropy of
strings in de Sitter background (Sec.3).
A particular new aspect here is that the transition shows up at high angular momentum,
(while in the thermal gravitational gas or for strings in dS space time as we shall see, angular
momentum is not considered, (although it could be taken into account)).
Since j 6= 0, the extremal transition occurs at a temperature tsj =
√
j/h¯ ts, higher than
the string temperature ts. That is, angular momentum, which acts in the sense of the string
tension, appears in the transition as an ”effective string tension” : a smaller α
′
j ≡
√
h¯/j α
′
(and thus a higher tension).
4.2. String phase transition in de Sitter space time
Strings in dS and AdS backgrounds have a very different behavior at string temperature
Ts and energy range Ms, as we saw from the string entropies in both spaces (Sec.3).
For m ∼Ms, the string entropy in dS (Eq. (53)) behaves as:
Ss,dS(m,H)m∼Ms = kB ln
√
Ms
(Ms −m) − kB ln 2 + kB
b√
2
(
Ms
ms
) − akB ln (Ms
ms
) (81)
Or, in terms of temperature :
Ss,dS(T,H)T∼Ts = kB ln
√
Ts
(Ts − T ) − kB ln 2 + kB
b√
2
(
Ts
ts
) − akB ln (Ts
ts
) (82)
(T = mc2 / 2πkB). We see that a phase transition takes place at m = Ms, ie T =
Ts. This is again a gravitational like phase transition, with a square root branch point
singular behavior near the transition. This string behavior is universal [29]: the logarithmic
singularity in the entropy (or pole singularity in the specific heat) holds in any number of
dimensions, and its origin is gravitational interaction in the presence of temperature, similar
to Jeans’s instability at finite temperature but here with a more complex structure.
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The transition occurs at the temperature Ts (Eq. (42)) higher than the (flat space) string
temperature ts (Eq. (48)):
Ts =
b
2π
(
Ms
ms
)
ts =
b
2π
(
Lcℓ
ℓs
)
ts (83)
This is so since in dS background, the flat space string mass ms (Hagedorn temperature
ts) is the scale mass (temperature) in the low Hm regime. But for high masses, the critical
string mass in dS isMs, instead of ms; and the critical string temperature in dS is Ts instead
of ts. In dS, H ”pushes” the string temperature beyond the flat space (Hagedorn) value ts .
By analogy with ts, Ts can be expressed as
Ts =
1
bkB
√
h¯c3
α′H
, α
′
H =
h¯
c
(2π
b
Hα′
c
)2
(84)
That is, H , which acts in the sense of the string tension, induces an ”effective string tension”
(α
′
H)
−1 in the transition temperature : a smaller α
′
H , (and thus a higher tension).
The effect of H in the transition is similar to the effect of angular momentum we just
shaw.
When m > Ms, the string does not oscillate (it inflates with the background, and the
proper string size is larger than the horizon [1], [45]-[47]). The meaning of the string de
Sitter phase transition (Eq.(81) or (82)) is the following: when the string mass becomes Ms,
it saturates de Sitter universe, the string size Ls (Compton length for Ms) becomes Lcℓ, and
the string becomes “classical ” reflecting the classical properties of the background. Then,
Ms is the mass of the backgroundMcl (Eq. (29), with α
′ instead of G/c2): in other words, for
m→Ms the string becomes the “background ”. Conversely, and interestingly enough, string
back reaction supports this fact: Ms is the mass of dS background in its string regime, and
a de Sitter phase with mass Ms (Eq. (40)) and temperature Ts (Eq. (42)) is sustained by
strings [14], [29]. (Ls, Ms, Ts) Eqs. (40)-(42) are the intrinsic size, mass and temperature
of de Sitter background in its string (high H) regime.
4.3. Absence of string phase transition in Anti de Sitter space time
For strings in AdS background there are not phase transitions at string temperature Ts
and energy range Ms, but strings will become the background as well.
From Eq. (45), we see that for very large m (m≫ Ms) the leading asymptotic behavior
of the AdS string mass density of states ρs,AdS(m, |Λ|) grows like ∼ e
√
mc2/|H|h¯ instead of
23
em/ms as in flat space time (Eq. (43)). The AdS string mass density of states, ρs,AdS(m, |Λ|),
expresses in terms of the typical mass scales in each domain: m/ms (as in flat space) for low
masses, Ms/ms = (c/|H|)
√
c/h¯α′ for intermediate masses,
√
mMs/ms = c
√
m/h¯|H| for very
high masses, and there is no extra singular factor for high masses as it is the case in de Sitter
space. Notice that for the very heavy strings, the mass scale turns out to be determined
by h¯|H|/c2 and not by
√
h¯/α′c. The above new features translate into the excited string
entropy behavior.
In fact, for intermediate or high masses m ∼Ms, and for very high masses m≫ Ms (Ms
is no longer a mass bound), the entropy behaves respectively as:
Ss,AdS(m ∼Ms) = kB
(
b¯
Ms
ms
)
− akB ln
(
Ms
ms
)
(85)
Ss,AdS(m≫Ms) = kB
 b
ms
√
m Ms
2
 − (1 + a
2
)
kB ln
(
m
ms
)
−
(
1− a
2
)
kB ln
(
Ms
ms
)
(86)
(b¯ = b((
√
2− 1)/2)1/2). Or, in terms of temperature :
Ss,AdS(T ∼ Ts) = kB
(
Ts
ts
)
− akB ln
(
Ts
ts
)
(87)
Ss,AdS(T ≫ Ts) = kB
 1
ts
√
T Ts
2
 − (1 + a
2
)
kB ln
(
T
ts
)
−
(
1− a
2
)
kB ln
(
Ts
ts
)
(88)
(T = mc2 / 2πkB). From Eqs.(85)-(86) or (87)-(88), we see how the entropy behavior in
(m/ms) - which in AdS background is a low mass or low curvature behavior (|Λ|1/2mα′/c <<
1) - , does becomeMs/ms, and then split into the highly excited entropy behavior
√
mMs/ms
in the high mass or high curvature (|Λ|1/2mα′/c >> 1) regime. Therefore, as |Λ|1/2m
increases we have the following behavior : m/ms → Ms/ms →
√
mMs/ms.
Furthermore, there is no critical string temperature in AdS background, while we shaw
that there exists a critical string temperature in de Sitter background. Summing up: The
density of states and entropy do not show any singular behavior at finite mass or temperature
in AdS background. We will see, in the following sections, that there is a critical temperature
in the black hole backgrounds as well.
However, for m ∼ Ms, the string is as massive as the background, in other words, the
string itself becomes the background, or conversely, the background becomes the string.
As a consequence, Ms and its corresponding temperature Ts must be truly considered in
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practice as limiting values for the string mass and string temperature respectively in AdS
background.
Analogously to the dS case, when the string mass becomesMs,the string size Ls (Compton
length forMs) becomes Lcℓ, the string becomes “classical ” reflecting the classical properties
of the background, or the background becomes quantum. Ms is the mass of the background
Mcl (Eq. (29)), and for m→ Ms the string becomes the “background ” . Conversely, string
back reaction supports this fact as well: Ms is the mass of AdS background in its string
regime, and an Anti de Sitter phase with mass Ms (Eq. (40)) and temperature Ts (Eq. (42))
is sustained by strings . (Ls, Ms, Ts) are also the intrinsic size, mass and temperature of
AdS background in its string high |Λ|1/2 regime [15].
5. STRING PARTITION FUNCTION AND STRING BOUNDS IN DE SIT-
TER, ANTI DE SITTER AND BLACK HOLES BACKGROUNDS
The canonical partition function is given by (no string angular momentum j considered
here) [33]
lnZ =
VD−1
(2π)D−1
∫ ∞
m0
d
( m
ms
)
ρs(m)
∫
dD−1k ln
{
1 + exp
{
− βsem
[
(m2c4 + h¯2k2c2)1/2
]}
1− exp
{
− βsem
[
(m2c4 + h¯2k2c2)1/2
]}}
(89)
where supersymmetry has been considered for the sake of generality; D−1 is the number
of space dimensions; ρs(m) is the mass density of states in flat or (asymptotically flat)BH
space times, dS and AdS backgrounds ((Eqs.(43) -(45)); βsem = (kBTsem)
−1 and Tsem is the
semiclassical temperature Eq. (12); m0 is the lowest mass for which the asymptotic behavior
of ρs(m) is valid.
Considering the asymptotic behavior of the Bessel function Kν(z)
Kν(z) ∼
( π
2z
)2
e−z (90)
and the leading order, n = 1 (higher excited modes: βsem m c
2 ≫ 1), we have
ln Z ≃ 2 VD−1
(2π)
D−1
2
1
(βsem h¯
2)
D−1
2
∫ ∞
m0
d
( m
ms
)
ρs(m) m
D−1
2 e−βsemmc
2
(91)
(the factor 2 comes from supersymmetry, as leading contribution is the same for bosonic
and fermionic sectors).
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5.1. Partition function and string bounds in de Sitter and Anti de Sitter space
times
We know that the mass density of levels ρs(m, |Λ|) has a different behavior from the ones
in flat space time, ρs(m), and in dS background, ρs(m,H). It is crucial to remark here
that Ms (Eq. (40)) is an upper mass bound for strings only in dS but fixes a mass reference
in AdS space time, beyond which AdS string states become highly massive. Let us then
analyze lnZ, at significant mass ranges in relation with the string dS(AdS) scale Ms.
For m≪Ms, ρs(m,H) and ρs(m, |Λ|) have the same leading behavior which is given by
the flat space solution ρs(m). From Eqs. (43) and (91), we have for any D-dimensions
(lnZ)m≪Ms ∼
2VD−1
(2π)
D−1
2
(ms)
D−3
2
(βsem h¯
2)
D−1
2
1
(βsem − βs)c2 e
−(βsem−βs) m0c2 (92)
where βs = (kB ts)
−1, ts is given by Eq. (48), and βsem = βsemdS or βsem = βsemAdS (Eqs. (12)
and (13) ).
We see that the canonical partition function, for low |H|m≪ c/α′, shows a pole singular-
ity at Tsem → ts. This transition, near the flat space string temperature ts and for any space
time dimension D, is common for the string transition in flat space time (Carlitz/Hagedorn
transition [31], [33]) or far from the black hole in the BH space-time, and for the string
transition in the low curvature regime of dS and AdS space times. For low temperatures
βsem ≫ βs, (i.e. Tsem ≪ ts), we recover the non singular Q.F.T exponential decreasing
behavior characterized by Tsem:
lnZ ≃ VD−1
( 1
h¯2βs βsem
)D−1
2 e−βsem m0c
2
(93)
For m ∼ Ms, the leading behaviors for the canonical partition function lnZ for dS and
AdS backgrounds are :
(lnZ)m∼Ms(dS) ∼
VD−1
(βsemh¯c)
D−1
√
βsem − βsdS
βsem
(94)
(lnZ)m∼Ms(AdS) ∼
2 VD−1
(2π)
D−1
2 (h¯cβsem)D−1
(
βs
βsAdS
) 3−D
2
e
1
βsAdS
(βs − 2πβsem) (95)
where βsdS = (kBTs)
−1 = βsAdS, being Ts the string dS(AdS) temperature (Eq. (42)).
For strings in dS, we rewrite Eq.(94) in terms of the temperature
(lnZ)T∼Ts(dS) ∼ VD−1
(
kBTsem
h¯c
)D−1 √
1− Tsem
Ts
(96)
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Eq.(96) shows a singular behavior for Tsem → Ts which is general for any space-time
dimensions D; this is a square root branch point at Tsem = Ts. That is, a phase transition
takes place for Tsem → Ts, which implies Mcℓ → ms, Lcℓ → ℓs (Eqs. (34) and (48)).
Furthermore, we see from Eq. (96) that Tsem has to be bounded by Ts (Tsem < Ts) .
In fact, the low mass spectrum temperature condition Tsem < ts (Eq. (92)), and the high
mass spectrum condition Tsem < Ts (Eq. (96)) both imply the following upper bound for
the Hubble constant H (Eqs. (5), (12), (34), (41), and (42)):
Lcℓ > ℓs, i.e., H <
c
ℓs
(97)
In the string phase transition, Tsem → Ts, that takes place for strings in dS background,
H reaches a maximum value sustained by the string tension α′−1 (and the fundamental
constants h¯, c as well) [14]:
Hs = c
√
c
α′h¯
, (i.e., Λs =
1
2ℓs
2 (D − 1)(D − 2)) (98)
The highly excited (m→ Ms) string gas in dS undergoes a phase transition at high tem-
perature, Tsem → Ts, into a condensate stringy state. Eq. (98) means that the background
itself becames a string state. In Sec. 4, we showed, from the entropy SsdS, that precisely at
T = Ts (m = Ms) the string of mass m in dS space time undergoes a phase transition at
m = Ms and becomes the background itself.
QFT and string back reaction computations support this fact: dS background is an exact
solution of the semiclassical Einstein equations with the QFT back reaction of matter fields
included [48] -[58], as well as a solution of the semiclassical Einstein equations with the string
back reaction included [1]: for Tsem ≪ Ts, the curvature R = R(Tsem, Ts), yields the QFT
semiclassical curvature Rsem (low H or semiclassical regime), and for Tsem → Ts it becomes a
string state selfsustained by a string cosmological constant Λs (Eq.(98)). The leading term of
the de Sitter curvature in the quantum regime is given by Rs = D (D−1) c/ℓ2s plus negative
corrections in an expansion in powers of (Rsem/Rs) [13]. The two phases, semiclassical and
stringy, are dual of each other in the precise sense of the classical-quantum duality [13], [28].
For strings in AdS space time we can consider the m≫ Ms mass range as well, and the
leading behavior for the canonical partition function lnZ(AdS) is similar to the m ∼ Ms
behavior:
(lnZ)m≫Ms(AdS) ∼
2 VD−1
(2π)
D−1
2 (h¯βsemc)D−1
(
βs
βsAdS
) 3−D
4
e
βs
βsAdS e
−2π βsem
βsAdS (99)
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We see that the canonical partition function for a gas of strings in a AdS background
is defined for all temperature. The partition function, lnZ(AdS), for excited and highly
excited strings in a AdS, does not feature any singular behavior at Ts in contrast to the one
in flat space time which shows a single pole temperature singularity (Carlitz transition), and
to the string partition function in dS space-time which shows a branch point singularity.
There is no string phase transition at Ts for massive and highly massive strings in AdS
space-time, that is for |Λ|1/2mα′/c ∼ 1, contrary to strings in dS space time. Nevertheless,
Ms marks the beginning of the string regime for the AdS case [15].
The results of this subsection will allow us to consider the string regimes of a black hole
in dS (AdS), or asymptotically dS (AdS), backgrounds. This will lead to string bounds for
the semiclassical (Hawking-Gibbons) temperature and the black hole radius.
5.2. Partition function and string bounds in black hole backgrounds
We consider in this subsection the partition function and bounds for the following cases:
The Schwarzschild black hole (asymptotically flat space time), the black hole in a asymp-
totically dS (bhdS) and AdS (bhAdS) backgrounds, and the rotating charged black hole
(KNBH).
5.2.1. In Schwarzschild black hole space time
We have already said that the Schwarzschild black hole space time is asymptotically flat.
The partition function is given by Eq.(89), with the asymptotic string mass density of levels
which coincides with the one in Minkowski space time (Eq.(43)).
For Tsem ≪ ts (Eqs.(12), (13) and (48)), lnZ is given by Eq.(93). For Tsem → ts, lnZ
behavior is reproduced by Eq.(92). This singular behavior for Tsem → ts, and all D, is
typical of a string system with intrinsic Hagedorn temperature, and indicates a string phase
transition at ts to a condensed finite energy state.
As the definition of the partition function implies the condition Tsem < ts on the semi-
classical, or Hawking, temperature, and Tsem depends on the black hole mass M , or on
the horizon rg, this condition provides lower bounds for the mass and the horizon radius
(minima mass and radius) [11]
rmin =
b
4π
ls ≡ lˆs
2
(100)
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and
Mmin =
lˆs
2lP l
mP l =
b
8π
m2P l
ms
(101)
where mP l and lP l are the Planck mass and length
mP l =
√
h¯ c
G
, lP l =
h¯
mP l c
(102)
It is interesting to notice that the effect of quantum string matter is to decrease the black
hole mass and horizon, and to increase its temperature: life time becomes shorter [11].
5.2.2. In black hole - de Sitter space time
The black hole-de Sitter (bhdS) background tends asymptotically to de Sitter space-
time; and, asymptotically i.e far from the black hole, the string mass density of states
is ρs(m,H) (Eq. (44)). Then, we substitute βsem in Eq. (89) by βsem bhdS (βsem bhdS =
(kBTsem bhdS)
−1). The black hole (Hawking) temperature Tsem bhdS will satisfy: Tsem bhdS <
Ts, (Eqs. (5), (14), (42), (48) ), which leads to
ℓ2s < Lcℓ LbhdS (103)
This implies the following condition
H
[
1− 2r2g
(
H
c
)2 ]
<
2rgc
ℓ2s
(104)
The bound would be saturated for a gravitational radius satisfying(
rg
Lcℓ
)2
+ rg
Lcℓ
ℓ2s
− 1
2
= 0 (105)
which yields the physical solution
rg =
1
2
L3cℓ
ℓ2s
[
− 1 +
√√√√1 + 2( ℓs
Lcℓ
)4 ]
(106)
For Lcℓ ≫ ℓs we have
rg ≃ 1
2
ℓ2s
Lcℓ
[
1 +O(
ℓs
Lcℓ
)2
]
, ie. 2rg ≃ H
c
ℓ2s = Ls (107)
and for Lcℓ = ℓs
2rg = 0.73 ℓs (108)
29
Eq. (104) shows the relation between the Schwarzschild radius and the cosmological
constant (Eq. (6)) when Tsem bhdS → Ts (string regime). We see that a black hole in dS
space time allows an intermediate string regime, not present in the Schwarzschild black
hole alone ((H = 0)), since in the bhdS background there are two characteristic string
scales: Ls and ℓs. We have seen that , in an asymptotically flat space-time, the black hole
radius becomes ℓs in the string regime. In an asymptotically dS space time, when Tsem bhdS
reaches Ts , the black hole radius rg becomes the de Sitter string size Ls. If the de Sitter
radius Lcℓ reaches Ls, (which implies Lcℓ = ℓs), then rg becomes determined by the scale ℓs
(Eq.(34)) [14].
5.2.3. In black hole - Anti de Sitter space time
Analogously to the previous cases, the black hole-Anti de Sitter (bhAdS) background
tends asymptotically, far from the black hole, to AdS space-time. Asymptotically, far from
the black hole, ρs(m, |Λ|) is the string mass density of states for bhAdS (Eq. (45)). Then, for
the partition function of a gas of strings, far from the black hole in the bhAdS space-time,
we substitute βsem in Eq. (89) by βsem bhAdS, i.e. by the the black hole temperature in AdS
space time Tsem bhAdS (Eq. (14)). There is no strict bound Tsem bhAdS < Ts emerging from
the string partition function (Eq. (89)) in the bhAdS case, since the bhAdS string partition
function is mathematically well defined for all temperature. However, the regime when the
semiclassical temperature Tsem bhAdS reaches the string temperature Ts truly characterizes
the string regime of the bhAdS background. From Eqs. (14) and (42), the condition
Tsem bhAdS = Ts, (109)
yields :
ℓ2s = Lcℓ LbhAdS (110)
which implies the following equation
ℓ2s
[
1 + 2
(
rg
Lcℓ
)2 ]
= 2 rgLcℓ (111)
Thus, the black hole gravitational radius rg satisfies(
rg
Lcℓ
)2
− rg Lcℓ
ℓ2s
+
1
2
= 0 (112)
with the solution:
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rg± =
1
2
L3cℓ
ℓ2s
[
1 ±
√√√√1− 2( ℓs
Lcℓ
)4 ]
(113)
Both rg+ and rg− are physical roots provided:
Lcℓ ≥ 21/4 ℓs ≡ Lcℓ min = 1.189 ℓs (114)
That is, there is a minimal AdS classical length Lcℓ min, or a maximal AdS string length
Ls max :
Ls ≤ 2−1/4ℓs ≡ Ls max = 0.841 ℓs. (115)
For Lcℓ ≫ Lcℓ min, rg+ and rg− are :
rg+ =
L3cℓ
ℓ2s
[
1− 1
2
(
ℓs
Lcℓ
)4
+O
(
ℓs
Lcℓ
)8 ]
(116)
rg− =
1
2
ℓ2s
Lcℓ
[
1− O
(
ℓs
Lcℓ
)2 ]
(117)
which in terms of Ls read:
rg+ ≃ L
2
cℓ
Ls
=
c4
h¯α′H3
, rg− ≃ 1
2
Ls =
h¯α′H
2c2
, ie rg+rg− =
L2cℓ
2
(118)
On the other hand, for Lcℓ = Lcℓ min = 2
1/4 ℓs (or Ls = Ls max = 2
−1/4 ℓs), and
rg ± are:
rg+ = rg− =
Lcℓ min√
2
= Ls max =
ℓs
21/4
= 0.841 ℓs (119)
Eq. (113) shows the relation between the Schwarzschild radius and the cosmological constant
(Eq. (6)) when Tsem bhAdS = Ts ( bhAdS string regime). Also a black hole in AdS space time
allows also an intermediate string regime, not present in the Schwarzschild black hole alone
((H = 0)), since in the bhAdS background there are two characteristic string scales as well:
Ls and ℓs. In an asymptotically AdS space time and when Tsem bhAdS reaches Ts , the black
hole radius rg becomes either rg+ or rg−, depending on the AdS string size Ls. Then, when
the AdS characteristic length Lcℓ reaches its minimal value, rg becomes uniquely determined
by ℓs, as given by Eq.(119). In addition, the bhAdS string regime determines a maximal
value for H : Hmax = 0.841 c/ℓs
Finally, the bhAdS string regime is larger than black hole de Sitter (bhdS) string regime.
Notice the differences between the bhAdS and bhdS string regimes [15]:
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(i) Only one root (rg−) is present in the bhdS string regime.
(ii) There is no condition such as Eq.(114) or (115) for Lcℓ or Ls in the bhdS string regime.
ii) In the bhdS space time, when Tsem bhdS reaches Ts, the black hole radius rg becomes
Ls. Then, when Lcℓ = ℓs, rg is minimal and determined by ℓs too, (rg min = 0.365 ℓs).
In contrast, in the bhAdS background, Lcℓ cannot reach ℓs, Lcℓ min is larger than ℓs
(Eq.(114)). The minimal black hole radius in AdS space-time, rg min = 0.841 ℓs, is larger
than the minimal black hole radius in de Sitter space:
rg min bhAdS = 2.304 rg min bhdS (120)
5.2.4. In Kerr- Newman black hole space time
For Kerr-Newman background the canonical partition function is:
lnZ =
VD−1
(2π)D−1
∑
j,α
∫ ∞
m0
d
( m
ms
)
ρs(m, j, q)
∫
d(D−1)k ln
{
1 + exp
{
− βsem[(m2c4 + h¯2k2c2) 12 − µα]
}
1− exp
{
− βsem[(m2c4 + h¯2k2c2) 12 − µα]
}}
(121)
where ρs(m, j, q) is given by Eqs. (64) and (77), here Tsem ≡ Tsem(J,Q) (Eq. (18)) and
βsem = (kBTsem(J,Q))
−1; µα, qα and jα and are the chemical potential, charge, and angular
momentum (about the axis of rotation of the black hole: j = nαh¯) of a string mode α
respectively; m0 is the lowest string mass for which the asymptotic string density of mass
level is valid, and ms is the fundamental string mass scale (Eq. (34)).
The chemical potential µα is given by
µα = jαΩ + qαΦ (122)
where Ω and Φ are the Kerr-Newman angular velocity and electric potential respectively [16]:
Ω =
cLJ
r2+ + L
2
J
, Φ =
Qr+
r2+ + L
2
J
(123)
From Eq. (121) we have
lnZ =
4VD−1
(2π)D/2
c
β
D−2
2
sem h¯
(D−1)
∑
j,α
∞∑
n=1
e(2n−1)βsemµα
(2n− 1)D/2
∫ ∞
m0
d
( m
ms
)
ρs(m, j, q)m
D/2KD/2[βsem(2n−1)mc2]
(124)
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being KD/2 the modified Bessel function. Considering the leading order (βsem mc
2 ≫ 1) and
the asymptotic flat behavior of the string mass density of states, the leading contribution
for the partition function is
lnZ ≃ 2VD−1
(2π)
D−1
2
ma−1s
(βsemh¯
2)
D−1
2
∑
α
eβsemµα
∫ ∞
m0
dm m(−a+
D−1
2
) e−(βsem−βs)mc
2
(125)
where βs = (kBts)
−1 (Eq. (48)). As already mentioned, the factor 2 in front of Eq. (125)
stands for both bosonic and fermionic strings included (otherwise, this factor is absent for
either bosonic or fermionic strings). Eq. (125) implies that the black hole temperature
Tsem ≡ Tsem(J,Q) is bounded by the string temperature ts: Tsem(J,Q) ≤ ts.
Finally, for Tsem(J,Q)≪ ts (βsem ≫ βs) and Tsem(J,Q) → ts (βsem → βs), the partition
function behaviors are respectively
lnZ ≃ VD−1
( ms
2πβsemh¯
2
)D−1
2
∑
α
eβsemµα e−βsemm0c
2
(126)
and
lnZ ≃ VD−1
( ms
2πβsh¯
2
)D−1
2
∑
α
eβsemµα
1[
(βsem − βs)msc2
] (127)
analogously to Eqs. (93) and (92), but here with the semiclassical temperature Tsem(J,Q).
Eq. (127) shows an universal pole singularity for any D at the temperature ts, typical of a
string system with intrinsic Hagedorn temperature, and indicates a string phase transition
of Carlitz’s type [33] to a condensate finite energy state. i.e the transition takes place at
Tsem(J,Q) = ts towards a microscopic finite energy condensate of size range ls. This stringy
state forms, at the last stage of black hole evaporation, from the massive very excited strings
emitted by the black hole, as we will show from the string emission cross section computed
in Sec. 6 below.
We have just seen, from the canonical partition function Eq. (125), that the Kerr New-
man black hole temperature (Eqs. (12) and (19)) is bounded by the string temperature ts
(Eq. (48)). Therefore, the string bound
Tsem(J,Q) ≤ ts (128)
implies
Lcℓ(J,Q) ≥ lˆs. (129)
Eqs. (19) and (48) yield
1 − ν
2
2
≥ δ σ, σ ≡ lˆs
rg
− 1 (130)
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The above relations (Eqs. (129) and (130) lead to three different situations [12]:
(i) σ < 1 (i.e. rg > lˆs/2). In this case, the inequality Eq. (130) is satisfied for all
nonvanishing values of µ and ν.
Then Tsem(J,Q) < ts is always verified without restrictions on J and Q.
(ii) σ = 1 (i.e. rg = lˆs/2). One has µ = 0 = ν (with Lcℓ(J = 0 = Q) ≡ 2rg = lˆs,
Eqs. (19) and (48) for the equal sign in Eq. (130); and µ 6= 0, ν 6= 0 or (µ 6= 0, ν= 0), or
(µ = 0, ν 6= 0) for the strict inequality.
Then Tsem(J,Q) < ts with any value of J and Q excluding both J and Q simultaneously
equal to zero. The string limit Tsem(J,Q) = ts is reached with both J = 0 and Q = 0.
(iii) σ > 1 (i.e. rg < lˆs/2). In this case, two critical values, µ0 and ν0, appear for the
angular momentum parameter µ and the charge parameter ν respectively. They are given
by
µ20 =
4 (σ2 − 1) (1− ν2) − ν4
4 σ2
(131)
and
ν20 = 2
(
1 − σ2 + σ
√
σ2 − 1
)
(132)
If ν ≥ ν0, Eq. (130) is fulfilled for all µ′s and saturated for ν = ν0 and µ = 0. In the
opposite case i.e. ν < ν0, one must have µ ≥ µ0. Here, Lcℓ(J,Q) = lˆs if µ = µ0.
In this case, there exist a critical value for the charge, Q0, and a critical value for the
angular momentum, Jo: For Q ≥ Q0, Tsem(J,Q) ≤ ts holds for all J ; the string limit
Tsem(J,Q) = ts is reached for Q = Q0 and J = 0, and Q0 is given by
Q20 =
G
2
(
4M2 − (Ms − 2M)2 + (Ms − 2M)
√
(Ms − 2M)2 − 4M2
)
(133)
Otherwise, namely if Q < Qo, there is a minimal angular momentum, J ≥ Jo, given by:
J20 =
G2M4
c2
(
(Ms − 2M)2 − 4M2
) (
1− Q2
GM2
)
− Q4 M2
c2
(Ms − 2M)2
(134)
(Ms ≡ (c2/G) lˆs). Here, the limit Tsem(J,Q) = ts is reached for J = J0.
From this analysis we can conclude that - given a semiclassical Kerr Newman black hole
with mass M , angular momentum J , charge Q and temperature Tsem(J,Q) < ts - there
are three possible cases for its evolution into a string state with temperature Ts:
(I) If rg >
lˆs
2
, J 6= 0 and Q 6= 0, the semiclassical Kerr Newman black hole reaches a string
state of temperature ts, mass M = Ms/4, angular momentum J = 0 and charge Q = 0.
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(II) If rg <
lˆs
2
, J 6= 0 and Q > Q0 (Q0 being the critical value Eq. (133)), the string
temperature ts is reached with J = 0 and Q = Q0.
(III) If rg <
lˆs
2
, J > J0 and Q < Q0, the string temperature ts is reached for J = J0, being
J0 the minimal value Eq. (134). In this string state both angular momentum and charge are
different from zero.
The final conclusion is that, besides the classical upper bounds implying a maximal
angular momentum and maximal charge for the black hole (Eq. (10)), there are minimal
values for the Kerr Newman black hole angular momentum and the charge in the string
regime. This implies also minimal values for the angular momentum of a Kerr Black Hole,
and for the charge of a Reissner-Nordstrom Black Hole.
6. QUANTUM STRING EMISSION BY A BLACK HOLE AND THE LAST
STAGE OF BLACK HOLE EVAPORATION
As cosmological evolution goes from quantum string (QS) phase to quantum field theory
(QFT) phase (and then to the classical epoch), black hole evaporation goes from a QFT
phase to a QS phase. We will analyzed in this section the quantum string emission of a
Schwarzschild black hole (J = 0, Q = 0) in an asymptotically flat, dS and AdS space times;
and the quantum string emission of a rotating charged black hole (KNBH). Finally, we
will consider the black hole quantum decay.
For a non rotating uncharged black hole in a flat, dS or AdS space times, evaporation
is measured by an observer which is at the corresponding asymptotic region i.e flat, dS or
AdS backgrounds.
The quantum field emission cross section σQFT (k) of a given emitted species of particles
in a mode k by a black hole in a given background is [37] -[38], [59] given by
σQFT (k) =
ΓA
e(βsemE(k)) − 1 (135)
where ΓA is the greybody factor (absorption cross section), and we consider only the isotropic
term (i.e. oscillatory behavior as a function of k is disregarded) [60]. For the sake of
simplicity, only bosonic states have been considered (+ sign in the denominator for fermionic)
; βsem = (kBTsem)
−1, and Tsem is the semiclassical - Hawking temperature in the chosen
background. The quantum field emission cross section of particles of mass m is defined as
σQFT (m) =
∫ ∞
0
σQFT (k) dµ(k) (136)
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where dµ(k) is the number of states between k and k + dk:
dµ(k) =
2VD−1(
4π
)D−1
2 Γ
(
D−1
2
) kD−2 dk (137)
From Eq. (136) we have
σQFT (m) =
VD−1 ΓA
(2π)
D−1
2
(
mc2
)D−2
2
(βsem)D/2 (h¯c)D−1
×
√
2
π
∞∑
n=1
1
nD/2
{
nβsemmc
2K
D/2
(nβsemmc
2) +K
D/2−1
(nβsemmc
2)
}
(138)
For large m and the leading order n = 1 (βsem mc
2 ≫ 1), we have
σQFT (m) ≃ VD−1 ΓA
(2π)
D−1
2
m
D−1
2(
βsem h¯
2
)D−1
2
e−βsem mc
2
(139)
The string quantum emission cross section, σstring, will be given by
σstring ≃
∫ Ms
m0
ρs(m) σQFT (m) d
( m
ms
)
(140)
where ρs(m) is the asymptotic density of mass levels in flat, dS and AdS space times
(Eqs. (43), (44), (45)).
6.1. Schwarzschild black hole quantum emission
For a Schwarzschild black hole in an asymptotically flat space time, the black hole evap-
oration will be measured by an observer at this asymptotic region. Inserting the flat mass
density of states (Eq. (43)) in Eq. (140), we have the following behaviors for low and high
black hole temperatures compared with the string temperature ts (string spin considerations
are overlooked her; emission is larger for spinless particles [61]) :
For low temperatures, Tsem ≪ ts, we recover the semiclassical (QFT) Hawking emission
at the temperature Tsem (Eq. (13))
σstring ≃ VD−1 ΓA
(2π)
D−1
2
m
D−3
2
s
βsem
D+1
2 (h¯c)D−1
e−βsemm0c
2
(141)
But for Tsem → ts, we have a singular pole behavior at ts (for any D space time dimen-
sions)
σstring ∼ VD−1 ΓA
(2π)
D−1
2
m
D−3
2
s(
βsem h¯
2
)D−1
2
e−(βsem−βs) m0c
2(
βsem − βs
)
c2
(142)
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We see again that a phase transition takes place [62], at the string temperature ts
(Eq. (48)), towards a microscopic finite energy condensate of size lˆs [11]. This stringy state
forms, at the last stage of black hole evaporation, from the massive very excited strings
emitted by the black hole. The phase transition undergone by the emitted strings represents
the non perturbative back reaction effect of the string emission on the black hole. As we
already mentioned, an explicit dynamical perturbative solution to the back reaction effect
of the string emission on the Schwarzschild black hole accompasses this picture: the black
hole losses its mass, reduces its radius until lˆs and rises its temperature until ts. [11].
6.2. Black hole - de Sitter quantum emission
For m≪Ms, (away from the upper mass bound and the temperature Ts), the ρs(m,H)
leading behavior is given by the flat space solution (H = 0; Eq. (43)), and the black hole
emission coincides with Eq. (142) where βsem is substituted by βsem bhdS and ts by Ts. This
means that, for low Hm regime, the string emission cross section shows the same singular
behavior near ts as the low Hm behavior of the canonical dS partition function, and as
the quantum string emission by a (asymptotically flat) black hole which was the previous
case. This is so, since in the bhdS background, the string mass scale for low string masses
(temperatures) is the Hagedorn (flat space) string temperature ts; the limit Tsem bhdS → ts
is a high temperature behavior for low Hm ≪ c/α′, and ts is smaller than the string dS
temperature Ts.
For low temperatures βsem bhdS ≫ βs we recover the semiclassical (QFT) Hawking emis-
sion (Eq. (141)) but here at the temperature Tsem bhdS.
However for high masses (m ∼ Ms), i.e close to the string critical temperature TS, the
quantum emission cross section has a different behavior as the one of the previous case. We
have for the σstring leading behavior :
σstring (T ∼ Ts) ∼ VD−1 ΓA
(
kBTsem bhdS
h¯c
)D−1√
1 − Tsem bhdS
Ts
(143)
The black hole-de Sitter emission cross section shows a phase transition at Tsem bhdS =
Ts: the string emission by the black hole condensates into a de Sitter string state of string de
Sitter temperature Ts [14]. This is not like the flat (or asymptotically flat) space string phase
transition (of Carlitz type), but this is a de Sitter type transition. Instead of featuring a
single pole singularity in ( T − Ts ), the transition is a square root branch point. The branch
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point singular behavior at Ts is valid for any D-dimensions and is like the one we found for
the de Sitter canonical partition function (Eq. (96)) and for the de Sitter microscopic string
density of states ρs(m,H) Eq. (44) in the high m (high Hm→ c/α′) regime.
6.3. Black hole - Anti de Sitter quantum emission
We consider the quantum emission for the different mass ranges, with respect to the
relevant AdS string mass scale Ms (Eq. (40)). For low masses m ≪ Ms, the ρs(m, |Λ|)
leading behavior is given by the flat space solution. (H = 0; Eq. (43)), and the black
hole emission coincides with Eq. (142) where βsem is substituted by βsem bhAdS and ts by
Ts (Eq. (42)). In other words, for a low regime, |H|m ≪ c/α′ regime, the bhAdS string
emission cross section shows the same singular behavior near ts as the low |H|m behavior
of the dS and AdS partition functions (Eq. (92)), and as the quantum string emission by
an asymptotically flat black hole [1], [4], but here at the bhAdS temperature Tsem bhAdS.
This is so, since in the bhAdS background, the string mass scale for low string masses
(temperatures) is the Hagedorn flat space string temperature ts. The limit Tsem bhAdS → ts
is a high temperature behavior for low Hm≪ c/α′; ts is larger than Tsem bhAdS but smaller
than the AdS string temperature Ts.
For low temperatures βsem bhAdS ≫ βs, (i.e. semiclassical regime), we recover the QFT
Hawking emission at the temperature Tsem bhAdS.
Now, for high masses m ∼Ms, and m >> Ms, σstring behaves as:
σstring(m ∼Ms and m≫Ms) ∼ VD−1 ΓA
(βsem bhAdS h¯c)
D−1
(
βs
βs AdS
) 3−D
4
e
1
βsAdS
(βs − 2πβsem bhAdS)
(144)
and no phase transition occurs as we already knew [15].
6.4. Kerr Newman quantum emission
The quantum string emission by a Kerr Newman black hole is given by the cross section
σstring =
∑
j
∑
α
∫ ∞
m0
ρs(m, j, α) σα(m, j) d(
m
ms
) (145)
where
σα(m, j) =
∫ ∞
0
σα(k, j) dµ(k, j) (146)
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σα(k, j) is the QFT emission cross section of particles of species α in a mode of frequency
k, spin jα (= nαh¯), and charge qα:
σα(k, j) =
Γα
exp
{
βsem[E(k)− µα]
}
+ (−1)2j+1
(147)
where βsem = (kBTsem(J,Q))
−1. Γα is the classical absorption cross section (grey body
factor), and µα the chemical potential given by Eq. (122).
The QFT emission cross section of particles of mass m and spin j is defined as
σ(m) =
∑
j
∑
α
∫ ∞
0
σα(k, j) dµ(k, j) (148)
where dµ(k, j) is the number of states between k and k + dk
dµ(k, j) = nj
2VD−1
(4π)
D−1
2
kD−2
Γ
(
D−1
2
) dk (149)
and nj is the number of spin states: [(j +D − 3)!(2j +D − 2)] [j!(D − 2)!]−1 for SO(D); (
2j + 1 for SO(3)).
From Eq. (148) we have
σ(m) =
∑
j
∑
α
nj
VD−1
(2π)
D−1
2
Γα
(
mc2
)D−2
2
β
D/2
sem (h¯c)D−1
√
2
π
∞∑
n=1
(−1)(n−1)2j
nD/2
×
enµαβ
{
nβsemmc
2K
D/2
(nβsemmc
2) +K
D/2−1
(nβsemmc
2)
}
(150)
K
D/2
being the modified Bessel function. For large m and leading order (n = 1), Eq. (150)
becomes
σ(m) ≃∑
j
∑
α
nj
VD−1
(2π)
D−1
2
Γα
(
mc2
)D−3
2
β
D+1
2
sem (h¯c)D−1
e−βsem(mc
2−µα) (151)
Therefore, from the quantum emission of strings by the black hole σstring (Eq. (145)), we
have the following leading behaviors:
For βsem ≫ βs
σstring ≃
∑
j
∑
α
nj
VD−1
(2π)
D−1
2
Γα m
D−3
2
s
β
D+1
2
sem (h¯c)D−1
eβsem µα e−βsem m0c
2
(152)
and for βsem → βs
σstring ≃
∑
j
∑
α
nj
VD−1
(2π)
D−1
2
Γα m
D−3
2
s
β
D−1
2
s (h¯c)D−1
eβsµα
1
(βsem − βs) (153)
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The string emission cross section shows that for Tsem(J,Q)≪ ts the emission is thermal
with temperature Tsem(J,Q) (Eq. (19)), this is the Hawking part of the emission in the early
stage of evaporation, that is, the semiclassical or QFT regime. As evaporation proceeds,
Tsem(J,Q) increases: for Tsem(J,Q)→ ts, the massive string modes dominate the emission;
the string emission cross section shows at ts the same behavior as lnZ (Eq. (127)), that is,
a phase transition takes place at Tsem(J,Q) = ts. This phase transition undergone by the
emitted strings represents the non-perturbative back reaction effect of the string emission on
the black hole. In a non-singular finite process, the temperature does not becomes infinite
but remains bounded by ts (the radius and mass do not reduce to zero) [12].
6.5. Quantum Black hole decay
In the semiclassical (QFT) regime, ie in the early stages, of black hole evaporation, the
black holes BH , bhdS, bhAdS, KBH , RNBH andKN decay as a grey body at the Hawking
temperature Tsem, with a decay rate
Γsem =
∣∣∣∣∣d lnMsemdt
∣∣∣∣∣ ∼ G T 3sem , Msem = 8 π Tsem (h¯ = c = kB = 1). (154)
where Tsem (Eq.(12)) is given by Eqs.(13), (14), (16) and (19) respectively. As evaporation
proceeds, Tsem increases until it reaches the string temperature Tstring, where Tstring = ts
(Eq.(48)) for BH , KBH , RNBH and KN black holes and Tstring = Ts (Eq.(42)) for bhdS
and bhAdS black holes. The black hole itself becomes a very excited string state in any of
the backgrounds considered. This quantum string state decays in the usual way quantum
strings do ( [63],[64]), ie with a width,
Γs ∼ α′ T 3string (155)
As Tsem → Tstring, Γsem becomes Γs (G ∼ α′), and the final decay is a pure (non mixed)
quantum mechanical string decay into all type of particles. The string minimal black hole
will have a life time τ = (Γs)
−1. In this effective string framework there is no loss of
information, i.e no paradox at all [29], [12], [14]- [15].
7. SEMICLASSICAL (Q.F.T) and QUANTUM (STRING) REGIMES
7.1. Semiclassical entropy for (asymptotically flat) Schwarzschild black hole,
de Sitter and Anti de Sitter space times
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From our analysis in the previous Sections for different backgrounds, we have shown that
for Tsem → Tstring, the semiclassical (Q.F.T) regime with Hawking-Gibbons temperature
Tsem undergoes a phase transition into a string phase at the string temperature Tstring,
being Tstring the critical temperature (Tstring = ts (Eq.(48)) for BH , KBH , RNBH and
KN , and Tstring = Ts (Eq.(42)) for dS, bhdS and bhAdS). This means that, in the quantum
string regime, the semiclassical mass density of states ρsem becomes the string mass density
of states ρs, and the semiclassical entropy Ssem becomes the string entropy Ss. Namely, in
a given background, a semiclassical state, (dS)sem ≡ (Tsem, ρsem, Ssem), undergoes a phase
transition into a quantum string state (dS)s ≡ (Tstring, ρs, Ss).
The sets (dS)s and (dS)sem are the same quantities but in different (quantum and semi-
classical/classical) regimes. This is the usual classical/quantum duality but in the gravity
domain, which is universal, and not linked to any symmetry or isommetry nor to the num-
ber or the kind of dimensions. From the semiclassical (dS)sem and quantum string (dS)s
regimes, we can write the full de Sitter entropy Ssem, with quantum corrections included,
such that it becomes the string entropy Ss(m) (Eq. (30)) in the string regime.
For the (asymptotically flat) BH , dS and AdS cases, the full semiclassical entropies Ssem
are given by [29], [12], [14]- [15]
Ssem,flat ≡ Ssem(M) = S(0)sem − a kB ln (
S(0)sem
kB
) (156)
Ssem,dS(H) = ˆSsem
(0)
(H)− a kB ln (
ˆSsem
(0)
(H)
kB
)− kB lnF(H) (157)
Ss,AdS(|Λ|) = Sˆs(0)(|Λ|)− a kB ln (
ˆSsem
(0)
(|Λ|)
kB
)− kB lnF(|Λ|) (158)
where for Eqs. (157) and (158)
ˆSsem
(0)
(m) ≡ S(0)sem
√
g(X) , F ≡
√
(1∓ 4X2)g(X) (159)
(∓ for dS and AdS respectively) being X the dimensionless variable
2X(|H|) ≡ πkB
S
(0)
sem(|H|)
=
(mP l
Mcl
)2
(160)
(Mcl is the dS(AdS) mass scale Eq.(29), and mP l the Planck mass Eq.(102)) and
g(X) ≡ 2
1 + ∆sem
, ∆sem ≡
√
1∓ 4X2 =
√√√√1∓ ( πkB
S
(0)
sem(|H|)
)2
(161)
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(∓ for dS and AdS respectively). S(0)sem and S(0)sem(|H|) are the usual Bekenstein-Hawking
entropies of flat, dS (H > 0) and AdS (Λ < 0) backgrounds (Eqs. (26) and (27)).
From Eq.(156) we see that, for a Schwarzschild BH, the Bekenstein-Hawking entropy S(0)sem
is the leading term. Analogously, for low curvature regime in dS (AdS) ( low |H| ≪ c/ℓP l,
Mcl ≫ mP l i.e X → 0, ∆→ 1, g(X)→ 1) the Bekenstein-Hawking entropy Ssem(|H|) is the
leading term with its logarithmic correction:
Ssem(|H|) = S(0)sem(|H|)− akB ln
(S(0)sem(|H|)
kB
)
(162)
7.2. Non extremal Kerr black hole entropy
We can write the semiclassical entropy Ssem(M,J) for the Kerr black hole such that it
becomes the string entropy Ss(m, j) in the string regime (Eq. (72)), namely [12]:
Ssem(M,J) = S
(0)
sem(M,J)− a kB ln
( S(0)sem(M,J)
kB
)
+ kB ln F (S
(0)
sem, J) (163)
where S0sem(M,J) is the Bekenstein-Hawking entropy (Eq. (26) and Eq. (28)) and F (S
(0)
sem, J)
is given by
F = ∆−1
(1 + ∆
2∆
)a
e
(
1−∆
1+∆
)
S
(0)
sem(M,J)
∆kB
1
cosh2
(
(1−∆)
∆
S
(0)
sem(M,J)
2kB
) (164)
For J = 0: F = 1 and S(0)sem(M,J = 0) ≡ S(0)sem = 4πkB
(
M/mP l
)2
, being S(0)sem the
Schwarzschild black hole Bekenstein-Hawking entropy. ∆ is given by Eq. (17), which in
terms of S(0)sem, reads:
∆ =
√
1−
(J
h¯
)2(4πkB
S
(0)
sem
)2
(165)
Therefore, the whole Kerr entropy Ssem(M,J) (Eq.( 163)) can be written in terms of S
(0)
sem:
Ssem(M,J) =
(1 + ∆2
2∆
)
S(0)sem − a kB ln
( S(0)sem
kB
)
−(a+1) kB ln∆− 2 kB ln cosh
[ S(0)sem
4kB
(1−∆2)
∆
]
(166)
The first term in Eq. (166) reads
[
1− 1
2
(J
h¯
)2( 4πkB
S
(0)
sem
)2 ]
∆−1 S(0)sem. (167)
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For ∆ 6= 0, the effect of the angular momentum is to reduce the entropy. Ssem(M,J)) is
maximal for J = 0 (ie for ∆ = 1). For J = 0, we reproduce the semiclassical entropy of a
Schwarzschild black hole (Eq. (156)):
Ssem(M) = S
(0)
sem − a kB lnS(0)sem (168)
Notice that the new term lnF (S(0)sem(M,J)) in Eq. (163) is enterely due to J 6= 0, and
yields in particular to the last ln cosh term in Eq. (166). The argument of the last term in
Eq. (166) reads
X ≡ S
(0)
sem
4kB
(1−∆2)
∆
=
π
∆
(J
h¯
)24πkB
S
(0)
s
=
π
∆
(J
h¯
)2 (mP l
M
)2
(169)
Eq. (163) provides the whole Kerr black hole entropy Ssem(M,J) as a function of the
Bekenstein-Hawking entropy S(0)sem(M,J). ForM ≫ mP l and J < GM2/c, S(0)sem is the leading
term of this expression, but for high angular momentum, (nearly extremal or extremal case
J = GM2/c), a gravitational phase transition operates and the whole entropy Ssem is
drastically different from the Bekenstein-Hawking entropy S(0)sem, as we see below.
7.3. Extremal Kerr black hole and gravitational phase transition
The semiclassical extremal Kerr Newman black hole does not evaporate through Hawking
radiation, as the Hawking temperature is zero in this case (Eqs. (18), (19) and (25))
Tsem(J,Q)extremal = 0 (170)
Eq. (128) is a strict inequality in this case: Tsem(J,Q)extremal < ts. The string temperature
cannot be reached (unless the extremal configuration would already be a stringy state).
The extremal black hole is, among the black hole states, the most stable configuration,
i.e the most classical or semiclassical one.
A Kerr-Newman black hole cannot become through quantum decay an extremal black
hole. The extremal black hole cannot be the late state of black hole evaporation. Through
evaporation and decay, the black hole losses charge and angular momentum (super-radiance
like processes) at a higher rate than the loss of mass through thermal radiation. Thus,
if a black hole was not extremal at its origin, it will not be extremal at its end. A Kerr
Newman black hole evolves in general, through evaporation, into a Schwarzshild black hole,
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and becomes at its late stage a stringy state, which then decays, by the usual string decay
process, in all types of massless and massive particles.
In particular, we consider now an extremal Kerr black hole. The Bekenstein-Hawking
entropy S(0)sem(M,J) is minimal in the extremal case, i.e when J reaches its maximal value
(∆ = 0, Eq. (17)) [12]
S(0)sem(M,J)extremal =
1
2
S(0)sem(M,J = 0) (171)
For ∆→ 0, the last term in Eq. (166) substracts the first one, and the pole in ∆ of these
two terms cancel out. Ssem(M,J)extremal is :
Ssem(M,J)extremal = −(a+1) kB ln ∆
2
+ kB ln 2 + ∆
( 3
4
S(0)sem − akB
)
+ O(∆2) (172)
In terms of the mass, or temperature, ∆ (Eq. (17)) is given by
∆ =
√
1−
(J
h¯
)2(mP l
M
)4
=
√
1−
(J
h¯
)2(Tsem
T
)2
(173)
(T = Mc2/8πkB) being now Tsem the Schwarzschild Hawking temperature. In the extreme
limit (J/h¯)→ (M/mP l)2, Ssem(M,J)extremal is dominated by
Ssem(M,J)extremal = −(a + 1) kB ln (
√
2
T
√
T −
(J
h¯
)1/2
TP l ) + O(1) (174)
(being TP l the Planck temperature). This shows that a phase transition takes place at
T →
√
(J/h¯) TP l, we call it extremal transition.
The characteristic features of this gravitational transition can be discussed on the lines
of the extremal string transition we analysed for the extremal string states (Subsec.4.1).
7.4. De Sitter gravitational phase transition
For high Hubble constant, H ∼ c/ℓP l, (i.eMcl ∼ mP l), the high curvature or quantum dS
regime is very different from the BH , dS low curvature and the high curvature AdS regimes
as we shall see. In the limit Mcl ∼ mP l, S(0)sem(|H|) is subdominant for dS background (and
AdS as well). In fact, for ∆dS ∼ 0 (∆sem(dS) ≡ ∆dS, Eq. (161)), or Mcℓ → mP l, the entropy
Ssem,dS(H) (Eq. (157)) behaves as [14]:
Ssem,dS(H)∆dS∼0 = kB ln∆dS + O(1) (175)
and the Bekenstein-Hawking entropy S(0)sem(H) is sub-leading, O(1), (S
(0)
sem(H)∆dS=0 = πkB).
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In the limit Mcl → mP l, Ssem,dS(H) is dominated by
Ssem,dS(H)∆dS→0 = − kB ln
( √
2
√
1− TsemdS
T
)
+ O(1) (176)
being
∆dS =
√
1−
(mP l
Mcl
)4
=
√
1−
(TsemdS
T
)2
(177)
(T = (1/2πkB) Mclc
2). This shows that a phase transition takes place at T → TsemdS,
implying that the transition occurs forMcl → mP l, ie T → TP l, (that is for high H → c/ℓP l).
This is a gravitational like transition, similar to the de Sitter string transition we analysed
in Sec. 4 : the signature of this transition is the square root branch point behavior at the
critical mass (temperature) analogous to the thermal self-gravitating gas phase transition of
point particles [34]- [36], [65] and to the string gas in dS space. This behavior is universal,
and happens in any number of space-time dimensions [29], [66] . We have already seen
the same feature for the extremal Kerr black hole (high angular momentum J → M2G/c,
extremal transition).
7.5. Absence of Anti de Sitter gravitational phase transition
For AdS background, the variable ∆AdS (∆sem(AdS) ≡ ∆AdS) reads
∆AdS =
√
1 +
(mP l
Mcl
)4
=
√
1 +
(TsemAdS
T
)2
(178)
(T = (1/2πkB) Mclc
2). It must be noticed that ∆AdS never vanishes in this space-time,
contrary to dS space-time in which ∆dS → 0 (Eq. (177)) for high cosmological constant
(high curvature or quantum dS regime). For high curvature, i.e. Mcℓ → mP l, the full AdS
entropy Ssem,AdS(|Λ|) (Eq. (158)) is :
Ssem,AdS(|Λ|) =
√
2
1 +
√
2
πkB − akB ln
(√ 2
1 +
√
2
π
)
− kB ln
( 2√
1 +
√
2
)
(179)
(Bekenstein-Hawking AdS entropy: S
(0)
sem,AdS(|Λ|)(Mcℓ = mP l) = πkB ). Contrary to dS,
no phase transition occurs at T → TsemAdS in de AdS space time. That is, there is no
phase transition at Mcl → mP l, ie T → tP l, (high curvature |Λ|1/2 → c/ℓP l or quantum AdS
regime). This is so, since for AdS background, like for the AdS string entropy, no singularity
at finite mass or finite temperature occurs in the density of states or in the entropy. Also,
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contrary to dS and to extremal KBH cases, there is not a square root branch point in the
mass (temperature) analogous to the thermal self-gravitating gas phase transition of point
particles.
It must be noticed that in AdS background we can still analyze the mass regime Mcl <<
mP l, for which X >> 1, ∆AdS = 2X >> 1 and g(X) = 1/X → 0 (Eq. (160) and (161)). In
this regime, the Bekenstein-Hawking term is subdominant:
S(0)sem(|Λ|)(X >> 1) =
πkB
2X
<< 1, (180)
therefore,
√
g(X)S(0)sem = πkB/(2X
3/2) , and the full AdS entropy Ssem,AdS(|Λ|) (Eq. (158))
behaves as :
Ssem,AdS(|Λ|)(X >> 1) = akB ln
( 2
π
X3/2
)
− kB ln
(
2X1/2
)
+
πkB
2X3/2
(181)
This is a high curvature quantum regime, in which |Λ|1/2 >> c/ℓP l, and therefore, the
entropy is not dominated by the usual Bekenstein-Hawking (zero order term), which results
negligable in this case [15]. The Planck scale AdS curvature regime (|Λ|1/2 ∼ c/ℓP l), is
reached smoothly, without any singular behavior or phase transition in the entropy. The
very high curvature AdS regime, |Λ|1/2 >> c/ℓP l, is reached with a logarithmic growing
behavior of the entropy.
8. SUMMARY AND CONCLUSIONS
In the framework of the effective approach to quantum strings in curved backgrounds
of physical relevance (dS, AdS, BH , bhdS, bhAdS, KBH , RNBH and KNBH), explicit
calculations of the quantum string entropy, string partition function and quantum emission
by black holes (Schwarzschild, rotating, charged, i.e. in an asymptotically flat, dS and AdS
space times) have led to several new results:
(i) For quantum strings, we have not only Hagedorn-Carlitz type of transitions, but
new gravitational phase transitions appear with a common distinctive universal feature:
a square root branch point singularity in any space time dimensions.
This gravitational phase transition is shown explicitly for dS and KNBH cases (also for
quantum strings in flat space time when mode angular momenta are considered).
The same behavior was already found for a thermal self-gravitating gas of point non
relativistic particles (de Vega - Sa´nchez transition), thus describing a new universality
class.
46
(ii) On the contrary, there are not phase transitions for AdS alone.
(iii) For dS background, upper bounds for the Hubble constant H , and of the cosmological
constant Λ, are found, dictated by the quantum string phase transition.
(iv) The last stage of black hole evaporation is a microscopic string state with a finite
string critical temperature which decays as usual quantum strings do in pure quantum non-
thermal radiation.
Quantum black hole emission and black hole decay are described both in the semiclassical
(Q.F.T) and quantum (string) regimes.
(v). In the KNBH evaporation, the black hole losses its mass and also its angular
momentum and charge.
New lower string bounds are given for the Kerr-Newman black hole angular momentum
and charge, which are entirely different from the upper classical and semiclassical bounds.
(vi). For Schwarzschild black holes in dS space time, a relation between the Schwarzschild
radius and the Hubble constant emerges, due to bhdS phase transition.
(vii). For Schwarzschild black holes in AdS, a minimal classical length or a maximal
string length are given.
Furthermore, the minimal black hole radius in AdS space time is larger than the minimal
black hole radius in dS.
(viii). We have seen that, for a given background, a semiclassical state, (dS)sem =
(Lclassical, Tsem, ρsem, Ssem), undergoes a phase transition into a quantum string state, (dS)s
= (Lstring, Tstringl, ρs, Ss). These sets, (dS)s and (dS)sem, are the same quantities but in
different (quantum and semiclassical/classical) regimes. This is considered as the usual
classical/quantum (wave/particle) duality but in the gravity domain, which is universal,
and not linked to any symmetry or isommetry nor to the number or the kind of space-time
dimensions.
(ix). From the full quantum string entropy Ss, we have written the semiclassical Ssem
entropy with quantum (logarithmic) corrections included.
Gravitational phase transitions are shown for dS and extremal KBH cases. These tran-
sitions display the universal feature of a square root branch point singularity in the temper-
ature.
(xi). For extremal KBH , a gravitational phase transition takes place at temperature
greater than the Planck temperature. We call this extremal transition.
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